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Abstract

We derive and prove exponential and form factor expansions of the
row correlation function (ogop ) and the diagonal correlation function
(00.0 on.N) of the two-dimensional Ising model.

PACS numbers: 05.50.+q, 02.30.1k

1. Introduction

The correlation functions (09 ooy n) of the two-dimensional Ising model with horizontal
(vertical) interaction energies E| (E,) can be written in many different ways which appear to
be different but which in fact are equal. They were first expressed as determinants by Kaufman
and Onsager [1]. Later Montroll, Potts and Ward [2] demonstrated that if an arbitrary path
is drawn on the lattice connecting the point (0, 0) with the point (M, N) then the correlation
can be expressed as a determinant whose size in general is twice the length of the path. The
correlations (0 o 09, ) and (00,0 oy n) can both be expressed as N x N Toeplitz determinants
[1-3], and expressions of (09 ooy n) as determinants of size M and M + 1 for M > N were
given by Yamada [4, 5]. Furthermore, the correlations (og oy n) for all finite M, N were
expressed as determinants of Fredholm operators by Cheng and Wu [6].

The representations of the correlations as finite size determinants gives an efficient
evaluation when the separation is small but to investigate the large separation behaviour
alternative representations are needed. The first such result is the limiting behaviour for
T <T,

Seo = lim (009 oon) = lim (oo onn)
N—o0 N—o0
= {1 — (sinh2E, /kT sinh 2E,/kT)~2}1/*, (1)
which is most easily computed [2] by the use of Szegd’s theorem [7, 8].
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The first large separation expansion for both 7 < T, and T > T, beyond the limiting
value (1) was given in 1966 by Wu [9] for (oo ooy ) by applying a Wiener—Hopf procedure to
the N x N Toeplitz determinant representation. Shortly thereafter Cheng and Wu [6] obtained
the leading term of the large separation behaviour of (oo oy y) by applying a Wiener—Hopf
procedure to the Fredholm determinant representation. This derivation is formally valid only
for M # 0, and even though it is expected that the result of [6] with M formally set equal to
zero should agree with the result of [9], there is no analytic derivation in the literature that for
T < T, the two results are in fact equal (even though the equality has been verified to large
orders in the low temperature expansion.)

The expansions of [9] and [6] may be considered as the first terms in a systematic
expansion of the correlations. The expansion technique of [6] which starts from the Fredholm
determinant representation was carried out to all orders by Wu, McCoy, Tracy and Barouch
[10] in 1976. It was found that the correlations can be written in the following exponential
form,

oo
(000 N )77, = Soc XD Y Fin for T <T., 2)
n=1
and as
oo o0
(000 omn)r1. = S0 ) Gyyyexp ) Fyy  for T > T, 3)
m=0 n=1
where
Se = {1 — (sinh2E,/kT sinh2E,/kT)*}"/*. “4)

In [10] the expressions for F' /f,;])v, f;jl)\, and G;f,)N are given as 2 j-fold multiple-dimensional
integrals.

The exponentials in (2) and (3) may be expanded to give what is called a form factor
expansion

o0
(000 OMN)T<T, = Soo Zf,(uz,'z,) for T <T, (5)
n=0
and
o0
(000 OMN)T>T. = Seo Zf,f,?]'\',ﬂ) for T > T.. (6)
n=0

The first few terms in this expansion were given in [10]. In the scaling limit N — oo, T — T,
with N|T — T,| fixed the full expansion was given by Nappi [11]. For fixed Nand T < T, the
full expansion (5) was given by Palmer and Tracy [12]. Both of the cases T < T, and T > T,
were treated by Nickel [13, 14]. An independent expansion was given by Yamada [15], and
this is shown in [14] to agree with the results from the expansion of the exponential forms of
[10].

The results for the exponential representation of the correlations [10] were obtained by
extending to all orders the iterative expansion of the Fredholm determinant representation
[6]. However, as noted above, the result of [6] for F j})N when specialized to M = 0
‘looks different’ from the corresponding result for {0y ¢ 0g y) obtained in [9]. Moreover, the
leading order large N behaviour of (09 o on y) is obtained [16] from the results for of [9] for
(00.0 00,n) and this result looks very different from the result of [10]. Therefore it must be
the case that if the Wiener—Hopf procedure of Wu [9], which starts from the N x N Toeplitz
determinant representation of (09 ¢ 09 x) and (090 oy n), is iterated to all orders we will obtain
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arepresentation of (o ¢ 0o, y) and (09,0 o,y ) Which is different from that of [10]. The purpose
of this paper is to derive these exponential expansions for both T < T, and T > T, and the
form factor expansions which follow from them. The results for the case of the diagonal
correlation have been previously presented by one of us (BM) in [17] with Boukraa, Hassani,
Maillard, Orrick and Zenine. This paper is the proof, derivation and generalization of those
results.

In section 2 we summarize the results of our calculations. In section 3 we calculate the
exponential representation of the correlation functions (oo ooy ) and (oo ony) for T < T,. In
section 4 we calculate the exponential representations for 7 > T.. In section 5 we calculate
the form factor expansions of (g ogy) and (oo onn) for T < T, and section 6 we calculate
the form factor expansions for 7 > T.. We conclude in section 7 with a brief discussion of
our results.

2. Summary of results

We let Dy stand for SN = (0'00 O'ON> or CN = (O'Q() UNN)- Then

Dl(\f) for T <T,
Dy=1" )
Dy for T >T..
The representation of these correlations as an N x N Toeplitz determinant is [16]
Dy = detAy ®)
where
ap a_y ... dadj—-nN
aq ap ... dadx_N
Av=1 . C : ©)
aN—1 adyN—» ... ap
and
1 —n—1
ap = — p(2)z dz, (10)

T 27

lz]=1
where the path of integration is counterclockwise. The function ¢(z) is
ZIaN 12
(I —oz)(1 —apz™")
90(z) = ( — : (1)
(1 —o1z7H(1 — anz)

For the diagonal correlation function Cy

a; =0 and oy = (sinh 2K, sinhZKQ)’1 (12)
where K; = E;/kT. For the row correlation function Sy

o = e 2 tanh K, and oy = e %2 coth K. (13)

When T < T,, then oy < ap < 1. In this case we write ¢ in a factored form as

9(2)=P@)"'QEH! (14)
where

P(2) = (1 —2)/(1 — a12)"? (15)
and

0(z) = (1 —a12)/(1 —022))'/* = 1/P(2). (16)
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We will prove in section 3 that the correlation function Dz(v_) has an exponential expansion

o0
DY’ = Sy exp Z " 17)

n=I1

5 [o —a)(1 —o@]”“ )

(1 —aja)?

where

which for both the diagonal (12) and row (13) specializes to (1), and

F(Zn) ( l)n+l l_[% dZ
N n(271)2" €—>0 ‘Zz‘ 1—e !

N

P P
1 1_ Z,Z,+1 l_[ (220 P (25 ) 0 (zak-1) Q(25)
(19)
and zp,+1 = z1. This agrees with the result given in [17] for the diagonal correlation function
c.
In section 5 we prove that D(_) has the form factor expansion

Dy’ =S Z 7" (20)

n=0
where f,f,o) = 1and

v = (ny)z(zn)zn Hol_[ ylgl ! [[P@oP(al) G0 0(aly)

k=1
X H H(l —zu1zam) 0[] @apet — 2217 (22p — 229)% @1)
I=1 m=1 ISp<q<n

This agrees with the result given in [17] for the diagonal correlation function C 1(\7_)'
For T > T, we consider a new function ¢(z) such that

(1—a2)(l —ay'z) v
(22)
A—aizH(l—ay'z7")

which we write in factored form as

P() =9z = (

7@ =P "0 H! (23)
with

P@) = (01— —ay'z)) " (24)
and

0@ = (1 —a0)(1 -5 '2))? = 1/P(2). (25)

ﬁ(z) and @(z) are analytic and non-zero for |z| < 1.
We prove in section 4 that the correlation function Dl(\;r) has an exponential expansion
oo oo
(+) < (2 +1) (2n)
DY =-5.> GV exp ) Fin (26)
m=0 n=1

where
§0° [(1_“1)(1_“2 )(1_0‘“2 )2]1/4 @7
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which for both the diagonal (12) and row (13) correlations specializes to (4) and where Eﬁ,z")

is defined as in (19), but with P and Q replaced by P and @ Thus we find from (19) that E(\,Z”)
is

- ( 1)n+1 f ZN
FW = d P(za) P(
N n(2m)2 H01_[ i le l—ZJzJH l_[ (za1) sz)Q(Z2k 1)Q(12k 1)
(28)
Qn+l) .. .
and that G’ is given by
2n+1 2n
G(2n+]) ‘% dZ,‘ Z,N
N )2'”rl 6*0 H =1—c 2122n+1 1:[ — ZkZk+1
n+l
x HP(ZZI DP(z3t) H 0(221)0(23,)- (29)

m=1
Equations (28) and (29) agree with the results given in [17]. Note that for the diagonal
correlation function C), ® = (000 onn) (12) implies that

F(Zn) F(2n) (30)

In section 6 we prove that D(+) has the form factor expansion

D[(\‘,*') - _ Z (2n+1) 31)
where
: 2n+1 n+l
@Qn+l) N ~
NooT i+ 1)'(271)2’”1 e—)O H ﬁ _ edZ’ % UP(ZZI*I)P(Zzz—l)sz
n+l n
x 1_[ Q(sz)Q sz Zom 1_[ H I 1_[ (221 — Zt)?
p=lg=1 o 2122007
1_[ (z2r — 220" (32)

1<r<s<n

Equation (32) agrees with result given in [17] for the diagonal correlation function CI(\;’).

The proofs of these results are not restricted to the Ising case where the generating function
is given by (11) but with a suitable replacement for the factors Sy, and S are valid in more
general cases, for example the XY model in a magnetic field [18-20]. The results (17)—(21)
for T < T, are valid for any generating function ¢(z) where log ¢(z) is analytic and periodic
on |z|] = 1 and P(z) = 1/Q(z). The results (26)—~(32) for T > T, are similarly valid for any
generating function for which log z¢(z) is analytic and periodic on the unit circle |z| = 1 and

P(z)=1/0().

3. The exponential expansion for T" < T,

In this section, we will use the theory of Wiener—Hopf sum equations to prove that the functions
F 1&,2") which appear in equation (17) are given by (19).

When T < T, then o) < ap < 1 and therefore P(z) and Q(z) are analytic and non-zero
for |z| < 1. Furthermore, the index of ¢ is

Ind ¢ = log p(e*™) —log (1) = 0. (33)
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It follows from (33) that we may use Szegd’s theorem to find

lim D()—S

N—o0

(34)

with S, given (18) which reduces to (1) for both the diagonal and the row correlation functions.

Therefore we may write
(=)
D = S 1_[ D n+l

3.1. Computation of the ratio D( )/DN+1

The ratio D( )/DNJrl is given by
(=) (N)
Dy /DN+1 =X

where xX™) = (x¢, x1, ..., xy) satisfies

Apax™ = @™

and d™ = 8;9. We 1ndlcate that the vector x™ has N + 1 entries by writing x"".

We will calculate xO M by iterating the procedure given by Wu in section 3 of [9].

(2n)

Lemma 1. There are functions ¢~ such that

(N) — 1+ Z¢(2n)

n=1

where
2n
(2,,) ( 1)n+1 f N+l __ =
de Z;
N (2m)* 6_,01_[ i =1—e 2142n
2n—1 1
x HQ(sz—l)Q(Zz_klfl)P(Zz")P(Zz_kl) H 1— 2z
— +

k=1 =1

(35)

(36)

(37

(38)

(39)

Proof. Let i(£) be a function defined on the unit circle |&| = 1, and let 2(§) have the Laurent

expansion

hE) =Y hat".

n=—00

From this we define

00 —1 00
@) =Y ha&".  [hE1-= Y hg"  and  [AE)], =Y het".

n=0 n=—00

From equations (41) it follows that
[h(E™D]- = [h©)],

Equations (41) have the integral representations

1 he)
=gt ae g

o he)
he). = zmggﬁ ey

(40)

(41)

(42)

(43)

(44)
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and
1 h
e, = hE)l - —— ¢ e
271 Jig= §
Uy . h(E)
it ‘ ‘ 45
2”iéf%?|§sw+e TrE - (45)
We define
N—-1
OED B & (46)
n=0

It has been proven by Wu [9] that the ratio (36) is given by
x5 = Xy (0) (47)

where Xy () is a function determined by equations (2.19a)—(2.20b) of [9] (with Y (§) = 1).
These equations are

Xy(€) = PEIOE L +[QEHUNEEYLY (2.192), (48)
VnE™D = —(QE ) MIQE DI +[QE HUNE)EY} (2.20a), (49)
XnEHEY = Q@EPE HEVL +[PE HVE)ENT)  (2.19b) (50)
and

UvE™H ==PE YD) HIPEHEN I +[PEHVNEEY]) (2.20b). (51

For our purposes we use equations (16), (42) and the equality [Q(£~")], = 1 to rewrite
equations (48), (49) and (51) as

Xn(E) = PE{L+[QE HUNEENL). (52)

VyE = —PEDIQE D] +[QE HUNE)EY]) (53)
and

Uy(E) =—QEPEE N, +[PEVNETHEVLY (54)
We define V]\(,l)(é‘l) by replacing Uy (§) by 0 in equation (53). Thus

Vi EH = —PEHIQEDI-. (55)

We note from equation (16) that Q(0) = 1. Thus, because Q(£ ") is analytic for || > 1, we
have

[QEH-=0¢EH-00)=0¢" -1 (56)
Therefore it follows from equations (16) and (56) that

—PEDHIOE - =PE T -1, (57)
and thus equation (55) becomes

VVEH=PEH -1 (58)

We define U (£) by replacing Vy(£~"') in (54) V\" (67') as given by equation (58). Thus
we find

UL € =-0@[PEHPEENT,. (59)



3336 I Lyberg and B M McCoy

It follows from equation (52) that X;\}) (&) is given by

XY@ =PEN-[0EHOEPEHYPEENEN)
1 &
=P(E){1——hm d&' —— 5 ——QEHOENPEHPENE TN, }

2ri =0 Jio—ipe &' —§
(60)
Letting £ = 0 in equation (60), and using P (0) = 1 and writing X;vl) O =1+ q)/(\f), we obtain

1
Posmd d0EhoIPE PE: e
2mi Jigi=1

__L : -1 L - —1 —N
= smlmd snoEo@a ) deap o) PEs "
(61)
Thus, if we set
Exirl = Zoks1 Ex = 25 (62)

we obtain qﬁﬁ) as given by equation (39).
We now calculate V]f,z) (¢~1) by using equation (59) in equation (53):

Vi E = -PEH{IoE - +[0EHUY ©)EV]}
=—-PEHIQE DI+ PEHICEHQ®EPEHPEE NI, (63)
Next, we calculate U ]E,z ) (&) by using equation (63) in equation (54):
U &) =—PE) {IP©Ee N, +[PEeVIEHEN] )
=—Q@®[PEPEHEN, — Q& IPEPEHET
x [QE)QEHENPE) PEHE V-], (64)
We will now calculate X ;3) (&) from (52) and (64) as
XJ® =pPe{1+[oE HUy ©E"],}
=P — PEIQEHOEIPEPEHENEN],
- PEIQEHO®EVPEPEHETY
x [QE)QEHENPEPEHENI-T,. (65)
Letting £ = 0 in equation (65), we obtain X ;3) O) =1+ ¢>](3) + qb](é):

@ _ _Lyg -1
V=amf, eeEhe®

x [PEHPEENQEHOEEPEHPEE NN
1
= im yi _ dae'ol) 0

(27i)* =0

X087 0(&)

1
d NElpesh)p d
X£| l4e S252—5152 &)PE) &3]=1 é:353—??2

1
xyil e P ) P, (66)

& -8
Using the change of variables (62) we obtain an equation agreeing with equation (39).
In general, we iteratively define (from equation (53))

Ve el = —PEH{10E D] +[06E UL )] ). (67)
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It then follows from equation (54) that
Uy —uy Ve =-0E HPeEPE e
x[0E)QEHENIPEPEHENQE QEHEY LLITL-T, (68)

where there are 2n — 1 brackets. It now follows from equations (47) and (52) that ¢1(5k) is

1
V=0 7|§s|1 dg "1 0 0EHIPE PEHEN 0 0EHEY

x [PE)PEHEN[QE) QEHEN . -1, (69)

where there are 2k — 1 brackets. By use of (62), one obtams equation (39). This ends the
proof of the lemma. ]

3.2. Exponentiation

To complete the proof of the exponential form (17) we need to use (35), (36) and (38) to
compute F 15,2”) as given in (19). We begin by defining a function

~on) ( 1)n+1 N
F" d,
N n@r) e»ol_[f =1 ¢ 1—z iZj+1

XHQ(ZZI I)Q(Zzl I)P(ZZI)P Z21 ( l_IZk> (70)

=1

(we define £\ = 0). Clearly
Fy" = Z . (71)

Let ¢(2") be given by equation (39) when n > 1 and let ¢(O> 1. We define the functions

$0) = Z oy N (72)
n=0
and
Fy =Y F. (73)

n=1
Clearly ¢(0) = 1 and F (0) = 0. We would like to show that
p(1) =" (74)
It follows as a special case of (74) with A = 1 that

o0
Xy(0) =exp Y FJY, (75)
k=1

and hence it follows from equations (35) and (71) that

Cy = Saoexp i i FP = Sy exp Z Z FP = S, exp Z Fo. (76)

k=N n=1 n=1 k=N
This proves equation (19). It remains to show that equation (74) holds. Since ¢ (0) = 1 and
F(0) = 0, equation (74) is equivalent to the equation

¢'0) =eVE (). 77)
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It follows from equations (72), (73) and (77) that equation (74) is equivalent to the following
equation:

Lemma 2.

(2n) ZIF(21)¢(2n 21) (78)
=1

Proof. It follows from (39) that the left-hand side of (78) is
2n

1 1
¢(2n) ( )n+l % le ,’
(2m)% E—>0H zil=1—¢ 22021
2n—1 1
x H P(22))P(53) Q2200 (557 ) [ [ 7= (79)
= el - ZkZk+1

and the right-hand side is

n
=20) , 2n=2I)
ZIFN bN

2n N
HP(qu)P (22,) Q29— Q(23, 1)

a1
=D g ﬁonfg L edzfl_[ 1
n—1 1 2n—1
X{Z—( ]‘[Zk> 1= zyzae)( = 22021) [ ] 2w <1—1_[zk)}, (80)
k=1

1 _
=1 L1221 m=21+2

l—z]z,+1

where the product []2/7},, Z is such that it equals 1 when / = n — 1. Note that the product

]_[3';1 is symmetric both in even and in odd variables separately. Hence 1 — ]_[i'; | Zk can be
rewritten (under integration) as

—1 2g+1

1—]_[zk_(1—zm,,) 1+Z]_[zr : 81)

g=1 r=2

Next, note that the factor —— (1 — z2;22141) (1 — 22,21) ]_[i";;, +2 Zm does not involve any of

T—z1z2
the variables {z; }2[ ! Hence the product 1 — ]_[zl_1 Zx can be rewritten as

1-1 2q+1

1—]‘[Zk—(1—zlzzz) 1+ [l=]- (82)

qg=1 r=2

Then the relevant factor of the 1ntegrand of the right-hand side of equation (80) becomes

—1 2g+1 2n—1 n—12q+1
(1= z2021) Z(l — zoza11) | 1 +Z M= 1=+ 1]
qg=1 r=2 m=2[+2 qg=1 r=2
n—1 [—1 2g+1 2n—1 2n—1 n—12q+1
==z 2 |1+ 2 [ = ( [T = - l_[Zm>— 1 =) @3
=1 g=1 r=2 m=21+2 m=2l qg=1 r=2

After expansion of the first summand the right-hand side of (83) becomes

n—1 2n-—1 n—12n—1

n—1 2g+1
(I = z2021) Z l_[ Zm_ZHZr_ 1+ZHZr (84)

=1 m=2[+2 =1 r=2 g=1 r=2
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under integration. After summation (84) becomes

2n—1

—n(l = 2,21 [ [ 2 (85)

r=2
which completes the proof. The proof of lemma 2 concludes the proof of equation (19). [

4. The exponential expansion for T > T,

In this section, we will prove that the functions ’I?li,zn) and G%"”) in (26) are given by (28) and
(29). We will follow the procedure of section 2 of Wu [9]. When T > T,,theno; < 1 < ap
and @ (z) has index 0. We define

1 ~
b, = — )z M dz = a,_,. (86)
2mi |zl=1
‘We further define
bO b71 “ee b*N
by by ... bi_n
By = : : . : 87)
by byn_1 ... b
and
5N+l =detBy,. (88)

We note that if we remove the first row and the last column from D ~+1 and use (86) we obtain
Dy as defined by (8). Therefore we may write
w_ Dy = M7
Dy = =YDy = (=D)Vxy"” Dy, (89)
DN+1

where the ratio DI(\T) / D N+1 1S given as

Dy’ N (V)
N~V (90)
Dy N
and x™) = (x¢, x1, ..., xy) satisfies
Byiix™V) =d™ on

and di(N) = 8;0. We indicate that the vector xX™ has N + 1 entries by writing xl(vN). Since 9(z)
has index 0, it follows from Szeg6’s theorem that

lim (=D Dy = S 92)
N—o0

where S, is given by (27). Thus, exactly as for T < T,

00 o~

~ —~ D,
(=D Dy = S = 93)
: nll_V[-i—l D"+1

Furthermore, the ratio Bn / 5n+1 and the product

= ©4)
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may be treated exactly as in the case 7' < T, if we replace P and Q by P and @ Thus we find

(=D Dy = Sacexp Y F, 95)

n=1

and hence we have
o0
D;J) = —Soox](vN) exp Z F,Elzfl), (96)
n=1

where we note that when «; = 0, equation (30) holds.
It remains to calculate xl(VN). We will find xj(vN) by iterating the procedure of section 2 of
Wu [9]. We define

N
Xy =) xMe", 97)
n=0
and thus
xy” = lim Xy (& Hg" (98)

where Xy (£) is again defined by (48) to (51) with P (&) and Q (&) replaced by ’P\(E ) and @(é ).
For convenience we rewrite (49), replacing & with €1, as

V(&) = —PEI0E)], +[0(E) Uy (EHEN,)

=P@E) —1-PEIOEUNEHET,. (99)

To obtain the first approximation xf\,N)(l) we replace Uy (€) by 0in (99), and write

V(&) =PE) — 1. (100)
We use this in (50) to give

X EHEY = 0@PEHPEEM,. (101)
Thus, letting & approach 0 and using (101) we obtain the first approximation x](VN)(l), which
we denote as GE\}) :

1 —~ —
GV =" = PE PO e (102)
2mi Jigj=1

We now compute the second approximation by using (100) in (51) to obtain

U E™) =-0@EDPEHPEEN. (103)
We use (103) in (99) to find

Vi E =PE) -1+ PEIOE0E HEVPEHPEEY_L,.  (104)
Using this in (50) we obtain

XPEHEY = 0ENPEHPEEN],
+[PEHPEENOEHOEEVPEHPEEVLL). (105)
Letting £ = 0 in (105), we see that

x](VN)(3) _ Gg\}) + Gg)’ (106)
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where
6 = rstimd PP d anrZ0e0(E)
212 21 Z D———— U2 Z
N (2mi)3 e~0 lz1]=1 : ! |z2]=1—€ I —z122 2
o
X ?ﬁ dz3—2—P(z3)P(z3"). (107)
ll=1 1 — 2223
Continuing in the same way we may find
(N)(2n+l) ZG(ZkH) (108)
and thus
Dy = - OOZG(Z”“) expz F (109)

m=1

where F " is defined in (28), G"*" is defined in (29) and S,, is defined by (27).
If we note that the G';**" is the negative of the G|"*" of [17] and set &; = 0, we have
proven (6) of [17] with G'¢"*" given by (34) of [17].

5. The form factor expansion for T" < T,

We have showed in section 3 that the correlation function Df\,*) can be written in an exponential
form given by (17) and (19). In this section we will show that Dl(vf) can be written as a form
factor expansion given by equations (20) and (21).

We wish to rewrite (17) as a form factor expansion and use an argument similar to that
made by Nappi [11] to find the functions f); " To do this, we denote by a partition 7 of the
number 7 a set of pairs 7 = {(n;, m;)}'"} such that n; % n; if i # j and

v(r)

Zn,-mi =n. (110)

We define P(n) to be the set of all such partitions. For instance, the partitions of the number
3 are

1-3, =1
3=13.1, =1 (111)
1-1+2-1, v =2.

Thus the exponential of (17) may be expanded, and we find
V()

(2n) Z 1_[ . F(2n) , (112)

weP(n) i=1

where the sum is over the set of partitions 7P (n) of the number n. Thus fy ") is the sum of all
2n dimensional integrals in (17). Explicitly

0 . _ _ 1
V= (271)2" Honﬁl . dziz) [T QG2 0(55)1) P22 P(23))

j=1 1 =225 122j
v(m) mi o ng 1
_])mk
x ( A [ .
7eP(n) k=1 p=1g=1 Lk 2, 2(p—Dm+2g C YN 2men, 42(p =1+ g i 1)

(113)
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where

2g + 1 if g <mng
2q Bril = i (114)
1 if g =ny.

We see that a partition m divides the integrand into ZZ( 1) my. loops, and that there are my

loops of length ng. As an illustration,

3
156) = (27[)6 eeol_[f =l dz; ZlNl_[ Q(szfl)Q(Z;jl—l)P(sz)P(Z;jl)

J=1

1 1 1 ( 1 1 1 1
1—z1201 —z324 1 — 2526 311 —zoz1 1 — 2423 1 — 2625
1 1 1 1 1 1 1 1
! Lo . (115)
31 —zz31 —z4z5 1 — 2621 21 —2221 1 — 2425 1 — 2623

The first term in the bracket of the right-hand side of (115) comes from 7 = {(1, 3)}, the
second from m, = {(3, 1)} and the third from 73 = {(1, 1), (2, 1)}. We would like to show
that

v = n,(z,,)zn HO]‘[ f . edziz,-” [T10G2-00(z3)1) P2 P(23))

j=1

X Z sign(o’) 1_[ (116)

et 1 — 20k Zo k1)

where S, is the group of permutatlons of the n elements {2i — 1}7_,. For instance,

S3 = {(DH(3)(5), (13)(5), (15)(3), 35)(1), (135), (153)} 17
where the loop (abc) means the permutation a — b — ¢ — a. We say that two permutations
o1 and o, in S, are equivalent if for every loop in o, there is one and only one loop of equal
length in 0. Then o and o, will also have the same signature. We write the equivalence class
of an element o as [o]. We denote by E,, the set of equivalence classes of S,,. As an example,
we have

1 =225 1225

E; ={[(DG)B)], [(13)S)], [(A35)]}. (118)
We will show that there is a bijection between P(n) and E,,. Itis clear that [P(3)| = |E3| = 3.
We will now prove the general case.

We will now calculate |[o]|, the number of elements of the equivalence class of a
permutation o. We consider some o € S,, and construct [o] as follows. We choose freely
from n elements, and divide them into Zle m; loops such that there are m; loops with n;
elements, without distinguishing between loops with the same number of elements. There are

n!
[Tiz; (i )y™im;!
ways of doing this. There are (n; — 1)! ways of ordering a loop of n; elements. Hence, there
are

(119)

n! [T ((n; — D™ n!

[T ymst [Tz ndm!
ways of choosing the elements. The signature of any element of the equivalence class [o]
corresponding to 7 is

l[o]l = (120)

V()

sign(o) = (=1)" H(—l)mk. (121)

k=1
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If we identify every equivalence class with one of its representatives, then it follows from
(113) that

2n n
n 1 . _ _
V= W‘L“Hf _dad [T 0000 ) PP (@)

j=1

x 3 sign(@)|[o]| H (122)

oyl 1 — 20kZo@k—1)

1

1 — 2251225

Now (116) follows. By symmetry of the odd variables, (116) can be rewritten as

g 1L H 06 0(es] )P P(e)
2

Z sign(o’) l_[ . (123)

et I — 20k 26 2k—1)
Finally we note that the factor of the 1ntegrand of (123)
Z sign(o) ]_[ (124)
= 1 — 22kZok-1)
is zero if for any i # j, zo; = zp; OF Zpi—1 = Z2j—1. Therefore

Z sign(o’) l_[

o} 1 — 2026 2k—1)

n n

=4 R — 250). 12
nl_[l_[(l_m ) H (z2p—1 — 22¢-1)(22p — 22¢) (125)

k=11=1 1<p=<q<n
By letting z, = z2,—1 = 0 we find that
A, =A,_1. (126)
Since Ay = 1, it follows that A, = 1 for all n. Hence we obtain the desired result (19).

6. The form factor expansion for 7" > T,

Above T, Dl(\;') has a form factor expansion given by (31), where

2n+1 2k+1 2n—2k
@n+1) ZG( #) pen-2k (127)

and f(j\%") is given by (116) but with P and Q replaced by P and @ Gﬁ"”) is given by (29).
Hence it follows from (116), (127) and (29) that

2n+1 n+l

1
2n+1) __ N+l
N (271)2’”1 eaonyg o dziz; HP(ZZl DP(z54) l_[ Q(sz)Q(sz)Z

—€ m=1 2n+1
n 1 n
X _ (—1 )k sign(o)
117_[1 1 —2p-122p ; (n — k)' Z0n-2k+1 gk
n—k 1 n 1
/T - (128)
1_[ 1 — 224-126029) l_[ 1 — 20520541

g=1 s=n—k+1
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As an example,

. 5 3
1 . ) D —
[55) = )3 !T})Hﬁ o dz; z'*! l_[ P(Zzlfl)P(Zzll—l)
i=1 VIzil=l—e

=1

2 ~ ] 1 1
X l_[ Q(sz)Q(sz)gl——ZlZzl_—m

m=1

<11( 1 1 1 1 )
22 _
2z5\1—z1z2 1 —z3z4 1 —z124 1 — 2023

11 1 11 1
- — +— ) (129)

23 1-— 2122 11— 2425 21 1 — 2223 1 — 2475

Let ( TN i,(lk)) =(,....,n—k,n—k+2,...,n+1). It follows by symmetry that (128)
can be rewritten as

2n+1 n+l

@n+l) _ N+l
‘ 1
n+1« Ln-2r4l 1-— 29101290
1
X— (_1 k Slgl’l(d) e (130)
n! kXZ(; 22n—2k+1 0265: l_[ Lyt 1Za(21‘“)

In particular

2

. 5
%) 1 .
No= _(27-[)5 !%Hﬁw—l EdZ’ lN+ll_[P(Z21 l)P ZZl 1 1_[ ZZm)Q sz)
i=1 =

=1 m=1

Xl(l 1 1 _i 1 1 +l 1 1 >

3\l -zl =23z 3l —z1i21l —z425 211 — 2223 1 — 2425
11 1 1 1 1

X{§Z_5<1—Z1221—23Z4_1—Z1Z41—Z2Z3)

11( 1 1 1 1 )
273\l —z1z0 1 —z4z5 1 —2z124 1 — 2025

11 1 | 1 1
o - . (131)
270\l —z0z3 1 —z4z5 1 —2z324 | — 2025

Since all permutations of the even elements are present in the sum ) ;_,, symmetry allows
the permutation of all even elements in the sum " ;. But the sum Y ;_; > . may be
rewritten as the sum ) of permutations of the odd elements. Therefore

0 ESp41

2n+1 n+l

]52n+1) _ (271)2"” 6_}() 1_[ fz’l 1 EdZ; AR 1_[ P(ZI)P Z l_[ Q(Zm)Q )

=1 m=1
2

1 _ 1 1
X m Z Slgn(O) 1_[ . (132)

oSt Zo(2n+1) g=1 1 - 2o (2g—1)%2¢q
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An argument similar to the one given in section 5 shows that

n

Z sign(o’) ! 1_[ !

1— _
oS 2o (2n+1) g=1 Zo(2g—1)22¢q
n+l
l_[ | 22j-1 ,!_[1 I —z2j 120k
<[] Gui—zm) ] Gap—z229)- (133)
1<l<m<n+1 1<p<qg<n

Thus f, 15,2"”) is given by (32) as desired.

7. Discussion

The exponential and the form factor representations derived in this paper for (oo 0o n)
and (op ooy, y) are considerably simpler that the corresponding representations which may
be found in [10-14]. The representations of this paper must of course be equal to the
corresponding results of [10—14] but, as mentioned in the introduction, even the equality of
the form of F 15,2 ) found by Wu [9] with the form found by Cheng and Wu [6] has not been
directly demonstrated in the literature. The form factor representations for (o9 o oy n) proven
here are in close correspondence with formulae given by Jimbo and Miwa [21] in their proof
of the Painleve VI representation of the diagonal Ising correlations. The connection which
the form factor representations of this paper have with the PVI equation of [21] has been
extensively investigated in [17]. However, the representations of this paper are valid also for
(00.0 00,n) and, as noted in the introduction, for much more general case which suggests that
there are generalizations of [21] which have not yet been uncovered. In particular, the relation
of (09,0 00,n) to isomonodromic deformation theory remains to be investigated.
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